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Chapter 7 : Integral Calculus.
In this chapter, we
consider an orthogonal 2]
frame of the plane. 1 J 7 K
0
We call area unit (a.u.) the olo 1 5 3

unit of the rectangle OIK].

1- Notiow of integral :
1.1. Covusfont function :

Let f be a function defined on ]a; b[ by f(x) = ¢, ¢ > 0. We call integral of f on
|a; b[ the area of the rectangle defined by the graph of f, the x — axis, the
straight lines with equation x = a and x = b. Its value is c(b — a) a.u.
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When ¢ < 0, we agree to define the integral of f on ]a; b[ the opposite of the
area below : c(b — a), it is an algebraic area, negative in that case.

1.2. Stour Function :

For a stair function (constant function by bits), the integral of f on ]a; b[ is the

algebraic sum of the colored rectangles, counted positively if they’re above the
x — axis, negatively if they’re below the x — axis.

We denote it fabf(x)dx, or fab f@w)du, or f: f(t)dt...(notation introduced by
Leibniz, in the XVII th century).

e i AL Lo S R I
{1 3 ! |
B Bt SO EECCEREEE - immm e
Lo 7 !
] B A L
‘. : | [ ! |
' | |
W77 I A v .
: ] [ |
[ | \ p q
Ll Ly, D ’ VLl
3 2 e 2 3 4 5 6
4 | |

Positne confunmons functlon:
Defundtiove : the integral from a to b of f, denoted f:f(x)dx, is the area of
the domain bounded by the graph of f, the x — axis, the straight lines with

1.3.

equation x = a and x = b, in area unit. We also talk about the area under the
curve fromx = atox = b.
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Rge . f; f(x)dx = 0, because the area is the one of a segment line.



2- Furst properties :
2.1. Exfended definitfion :

. . Lo . b
¢ Inthe case of a negative continuous function, if a < b, we write : fa f(x)dx =
b . " .
fa (—f(x))dx, where —f is a positive function.

e For a positive continuous function, and if a = b, then :

fabf(x)dx = —fbaf(x)dx

2.2. Cihasles Low-: f is a continuous function on an interval I. For all real

numbers a, b, cin I, we have :

facf(x)dx = fabf(x)dx + fbcf(x)dx

Csq, : If fis odd f_aaf(x)dx = 0, and if it’s even, f_aaf(x)dx =2 foaf(x)dx.

2.3. Luwnearity : fand g both continuous functions on I, and A a real number.

Qfor all real numbers a and b in I we have :

b b b
f (f(x) +Ag(x)) dx =j f(x)dx+/1f g(x)dx

2.4. Central point :

f is a continuous function on

I
I. For all real numbers a, b in !
I

1, the central point of f on ’
[a; b] is : :
1 (b :

p= mfa f(x)dx - 0
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It is actually the height of the rectangle with base (b — a) which area is equal to
the area under the curve of f on [a; b].

Tlheovrene : For all real numbers a, b in I, we can find a real number ¢ €]a; b[

such that f;f(t)dt = (b —-a)f(c))

2.5. lnegualities : If for all real number x of [a; b] we have f(x) > g(x),
then f: f(x)dx > f:g(x)dx.

Csq, : If fest bounded on [a; b],ie m < f(x) < M, then we have :

b
m(b — a) Sf fx)dx <M(b—a)

3- Antiderivative :

3.1. Defirnufron :

f is a function defined on an interval I. An antiderivative of f on [ is a

differentiable function F such that for all real number x of I : |F'(x) = f(x)|

Theorewe : If F and G are both antiderivative of f, then we can find a real
number k such that: F(x) = G(x) + k, forallx € I.

Csq, : Given a pair of real numbers (xg; y,), there is only one antiderivative of f

such that: F(x,) = y, (boundary condition (initial condition if t = 0), in physics
most of the time)

Find the antiderivative of the following functions satisfying the boundary

condition :

(@ f(x) =x,and F(0) =2

(b) glx) =4x+1andG(1) = -3
(c) h(x) = x—lzand H(-1)=0



3.2. Antlderivotive of o continmnons function :

Theoven : fis a continuous function defined over I, a € I.

Then the function defined by

F(x) :f f(t)dt

Is the unique antiderivative of f that is equal to 0 for x = a.

Proof!

» F is differentiable : Indeed, for x, € I and h # 0 we have :

F h —F 1 Xo+h Xo 1 Xo+h
(xo + })l (o) _ E(L F(t)dt —fa f(t)dt) == jxo F(O)dt

We have seen that there is a real number ¢ comprised between x, and x, + h such
that hf (c) = f;)omf(t)dt.

. F(X0+h)—F(X0) _

1

2 S Rf@) = f(0).

But, as f is a continuous function, when h tends to 0, ¢ tends to x, then f(c) tends
to f(xg).

Therefore :

Then

F(xo+h)—F(xq)

;Lirr(l) = f(xy) which is a real number. Then F is

differentiable at x, and F'(xg) = f(xo)-
> Fisnullata:F(a) = faaf(t)dt = 0.

» Fisunique : Let’s imagine that G is another antiderivative of f null at a. Then
we have G(x) = F(x) + k for a rel number k and for all x in I.
ButG(a) =0=F(a)+k =k.
Thenk = 0and F = G. QED.

Csq, : The function x = In x is the antiderivative ofithat isnullat 1on]0; +oo :

*1
Inx =f —dt
1 t

4- Eveluwoting ontiderivotwe :

4.1. Usnal functions :

Function f Antiderivative F Intervall I = ---
a (constante) ax+C R
K1 R ifn>0
x" (neZ—-{-1}) +C
n+1 ]—;0[0or]0;+o[ ifn<-1
’ 2Vx +C 10; +oo[
W x + ; +0
Vx
1
— Inx+C 10 ; 400
X
e* e*+C R
CoS X sinx + C R
sinx —cosx +C R
1 T T
1+tan?x = tanx + C ]——+kﬂ;—+kﬂ[,kEZ
cos?x 2 2

4.2. More formuwdas :

The operations on differentiable functions as well as the definition of an

antiderivative lead to the following results :

e If F and G are antiderivatives of f and g, then F + G is an antiderivative of

f+g.




e If F is an antiderivative of fand 4 is a real number, then AF is an antiderivative Evaluate the following integrals lexz dx, f02(2x +3)3dx,

of f. d 3 1 5 2
J¢sinxcos? xdx, [ ——dx, [, -dx,
Function f Antiderivative F Remarks 52 | o by parts :
, untl If n < —1, only for u never Theovrenw : uand v two derivative functions on an interval I, with
uu neZ—-{-1})
n+1 nullon /. continuous derivatives, a and b two real numbersin I. Then :
; b b b ,
MT Wi u>0 Lu(t)v’(t)dt = [u(t) v(t)]a— fa u'(H)v(t)dt
u
o Inu u>0
- Proof-: uv is a differentiable function and (uv)’ = u'v + uv'.
u In(—u) u<o
Sou'v = (uv) —uv'. Asu'v,uv’, and (uv)’ are continuous we have :
; b b
wet e f w(t)v'(t)dt = f )’ (t) — ' (Ov(t) dt
a a
1 Using the linearity of the integral :
xulax+b),a#0 | x> —-U(ax +b), U antiderivative of u. b b b
¢ f w(t)v'()dt = f ()’ (O)dt — f W () (t)dt
a a a
And uv is an antiderivative of (uv)’ so:
Example : An antiderivative of f(x) = x cos(x?) is F(x) = Lsin(x?). b b b
f& ) is Fx) 2 ) f u(®)v'(t)dt = [u(t) v(t)] 0 f u'(H)v(t)dt
a a
5- Infegral colendny : Exowmple :
S5.1. Lunk between unfegral ond antrderwyative : folt et dt has the form f;u(t)v’(t)dt with u(t) =t and v'(t) = et, the
. o . . ! — — pt
F [ ol 4 e of calevduns : fis a continuous function functions u, v, u’, v’ being continuous and u'(t) = 1, v(t) = e*.

1t g — ot (Lot — o 0Tt = 6 (0 — 1) =
on aninterval I, F an antiderivative of f on I, a and b two real numbers Then J-0 tefdt=te ]0 J-0 etdt =e—0—[e ]0 e-(e-1=1
belonging to I. Then we have :
b b Evaluate the following integrals using integration by parts :
x)dx = F(b) — F(a), often denoted [F(x
| reoax = £ - F@ G, @ Frinrdr @
X

ed n
Esx : An antiderivative of f(x) = cosx is f (x) = sinx, then : (b) fl Inx dx (e) ff e* cosx dx. (21BP)

(c) fol xVx + 1dx

foncostdt = [sint] § = sinw —sin 0 = 0.



